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1. INTRODUCTION 
In this paper we shall present a direct computation of the xy-charac- 
teristic of complex Grassmannians, without appealing to their PoincarC 
polynomials1 We shall give two formulas for xv here: one is an additive 
formula in terms of some partition functions, the other one is a multi- 
plicative formula. As a consequence, this proof also can be viewed 
as a topological proof of an algebraic formula. A similiar argument 
applied to the quaternionic case, we find out that its signature index 
is just the same as the complex case. 
The idea of proof runs like this: we construct an analytical 2-torus 
group action on the complex Grassmannian G,,,(C) (the manifold 
of all complex n-dim subspaces in Cm+“) with (“zm) fixed points. From 
the facts that (i) the T2-index of all Dolbeault complexes (thus x,) 
are trivial and (ii) xU is given by the holomorphic Lefschetz formula 
in terms of eigenvalues of the induced T2-action on tangent spaces 
over fixed points, then by counting the number of eigenvalues of 
negative powers in different ways, we come to our conclusion. 
2. PRELIMINARY 
Let x2/(M) be the xU-characteristic of a compact complex manifold M, 
C >P(-r)*, where XQ is the index of the 4fh Dolbeault complex of M 
1 For algebraic homogeneous manifolds, the xv-characteristics coincide with the 
Poincark polynomials, and by Hirsch’ formula, the Poincark polynomial of a homogeneous 
manifold G/H is completely determined by the Poincarb polynomials of G and H, provided 
H and G have same ranks. 
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(note: here we take the alternating sum rather than the sum of powers 
of y). For simplification, we use xv(n, m) instead of x&G,,,(C)). 
Let p(k; n, m) be the number of partitions of a positive integer k into n 
distinct summa& less than or equal to m, or equivalently, the generating 
functions of p are given by 
We are going to show that 
xk(n, m) = y p(k + n(n + 1)/2; n, n + m)yL = fi ( ’ -ym+k ). 
1 -yk (1) k=O k=l 
For our calculation later, we need a theorem which is derived from 
the holomorphic version of Atiyah-Bott fixed point formula [l]. 
THEOREM. Let T” act holomorphicly on a compact complex manifold M 
(of complex dim m) withfinite jixedpoints, then x%(M) E Z[y]. Furthermore, 
if at a fixed point A, the induced P-representation on the tangent space 
TAM is given by TAM(t) = tal + *** + tam, where t = (tI ,..., tJ with 
ti E R(Tn) = Z[t, ,..., t, , (tI ... t&l], ai are multi-indices of integers 
(ai1 ,..., ain) # (CL, O), and with the understanding that ta* = nb, tp, 
then 
XY = c 4% 
T”(A)=,4 
where v(A) = pl ( ll 1:: ) (2) 
holds for all t E C”, in particular the r.h.s. is a holomorphic function in t. 
Remarks. (1) This theorem was first proved by Lustzig and 
Kosniowski in the language of holomorphic vector fields (i.e., n = 1) 
[4]. A proof which can be extended to the case of general n is given 
in [5]. 
(2) The first part of the theorem also holds for the more general 
situation that the fixed point set is of higher dimensions instead of 
isolated points. For the proof we need the equivariant Atiyah-Singer 
index [3]. 
(3) In formula (2), we identify the representation t with the 
element t = (tl ,..., tn) of Tn in the sense that trace t (as a representa- 
tion) = t, *.* t,. 
(4) A remarkable fact from the theorem is that we can compute 
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xv through the r.h.s. of (2), the theorem states that no matter what 
values of t we put in (2), it always gives xv . In most cases, we simply 
let t approach the origin or the infinity along a suitable curve, thus 
v(A) = y(“f, where p(A) = the number of negative a, aIong the curve. 
3. CONSTRUCTIONS AND PROOFS 
We shall identify G,,,(C) to be the orbit space of M(n, n + m; n) 
(the space of n x (n + m) complex matrices with rank TZ) under the 
action of GL(n, C) from left, i.e., G,,,(C) = M(n, n + m; n)/GL(n, C). 
Define a T2 action on M(n, n + m; n) from right by 
M(n n + m; n) x T2 + M(n, n + m; n) 
(A, (tl , Q) + A * diag(t, , fiZ ,..., t:*-‘, Q. 
Obviously, this action is compatible with the action of GL(n, C), thus 
induces a canonical analytical action on G,&C) with (“t”) fixed points, 
(1% ,...,c, 9 i < il < i2 < se- < i, < n + m}, where Ii l,...Aq& is the 
n x (n + m) matrix with entries 
(6: the Kronecker index) 
and - means the corresponding orbit class in G,,,(C). 
It is not difficult to check that the Jacobian induced on the tangent 
space at f;l.....i~ is a diagonal matrix and indeed it turns out that the 
correspondtng representation class of T(G,,,(C)), at fi,,.. .,4n, in R( T2) 
is given by 
In particular, when (tl , t2) + Cl along the curve (t, t”+m), (3) turns 
out to be 
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Observe that the number of negative powers in (4) is 
CL@ z,....,i,) = (il - 1) + ... + (cz - n) = (4 + ... + in) - n(n + 1)/2, 
and from remark (4) in Section 2, we have 
X?h m> = c v(%l,...,in) = c 
y(il+...+i,)--n(n+l)/2 
(5) 
l&<...<i,@+m 1&<...<i,<n+rn 
c 
c c 
yk-n(n+l)/2 
n(n+l)/2<k@(2m+n+l) il+"+i,=k 
(Thus prove the first part in (1) (note in particular, x,( 1, m) = xl/(m, 1) = 
1+y+ *** + y”). 
To prove the multiplicative formula, let us separate the fixed point 
set {Til,...,iJ into two groups: group (I) of Iil,...,in with i, # n + m; 
group (11) of &...A, with i, = n + m, and observe that when t, -+ 0 
first, then t, --f 0; from (3), group (I) contributes 
c yu(41,...,sn) 
l<il<...<i,Qafrn-1 
as a part to x&n, m), where &,....,i, ) is the number of negative powers 
of t in 
Following (4) and (5) (and replace m by m - l), this is nothing but 
xy(n, m - 1). While group (II) contributes 
tlGi,<...<F <,a+m_lYY(~~‘....,‘) . y” n 1. 
as a part to X&n, m), where P(.$~,,...,~,) now is the number of negative 
powers of t in 
n-1 
also from (4) and (5) ( now replace n by n - l), this is x2/(n - 1, m) * ym. 
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Thus we have the following formula: 
Xy(% m) = Xv@, m - 1) + X&J - 1, m) Y”. (6) 
Similiar arguments applied to the case: t, + co first, then t, + 0, 
we also obtain 
x&h m) = x&h m - 1)~” + X& - 1,m). 
From (6) and (7), 
(7) 
xy(n, m - 1) = ( : 1;: ) XY(~ - ly m); 
by induction on n and m, we thus finish the proof of the second part 
in (1). 
4. THE SIGNATURE INDEX OF THE QUATERNIONIC GRASSMANNIAN 
Following the same constructions in Section 2, we define an S action 
on G,,,(Q) by the multiplication of matrix diag(t, t2,..., r”+“) from 
right with t E S1. Then this action preserves the orientation of G,,,(Q) 
with (“i”) fixed points (thus the Euler number of G,,,(Q) is (“zm)) 
{&,...,i, 3 1 < il < **a < i, < n + m} as in Section 2. With respect to 
the coherent orthogonal base chosen for T(G,,,(Q)) at lsl,...,i,, the 
representation of S1 is given by 
l,jz+m g1 Vik + tj+“9, 
4#il....,%” 
where t stands for the orthogonal 2-dim real representation 
( 
cos e, -sin e 
sin 8, cos e ) 9 
or t acts as eii if considered as a complex representation. Now by 
Atiyah-Bott fixed point formula for signature index [I, Section 6; 
3, Section 63 the P-signature of GnJQ) is given by 
Sign@, GA = C (*) l~~i,<..<i ~n+na ” l<l<n+m I#i,....,i, 
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by the homotopic invariance of the signature index, the 1.h.s. is thus 
the signature of Gn,,(Q)-this means that the r.h.s. (which is analytic 
in t) is a constant independ of t, in particular, if we put t = 0 in (8), 
we have 
Skn(GmAQN = c (_l)(i,+...+in)-n(n+l)/2 (9) 
l&< . ..<i.<n+m 
in viewing of (5), the r.h.s. is thus ~-~(n, m) = Sign(GnJC)), which is 
for mn = 0 (mod 2) 
otherwise, 
where [CC] is the largest integer Z&X 
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